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1. $X=X(\Omega)$ $\Omega$ Hilbert . $K(p, q)$ : $\Omega\cross\Omegaarrow \mathbb{R}$( $\mathbb{C}$ )
, $K$ $X$ .
(i) $q\in\Omega$ , $K_{q}(p):=K(p, q)$ $p$ $X$ .
, $I\zeta_{q}\in X$ .
(ii) $p\in\Omega$ $f\in X$ $f(p)=(f, K_{p})x$ .
$X$ $K$ , $X$ Hilbert , ( .
Hilbert $X,$ $Y$ $L\in B(X, Y)$
$\mathcal{N}(L)=\{f\in X;Lf=0\}$ ,
$\mathcal{R}(L)=\{F\in Y;\exists f\in Xst. Lf=F\}$
. $F,$ $G\in \mathcal{R}(L)$ , $F=Lf,$ $G=Lg$ $f,$ $g\in X$ . ,
$(F, G)_{\mathcal{R}(L)};=(P_{\mathcal{N}(L)^{\perp}}f,$ $P_{\mathcal{N}(L)}\perp g)_{X}$
well-defined , $(\mathcal{R}(L),$ $(\cdot,$ $\cdot)_{\mathcal{R}(L)})$ Hilbert . $P_{\mathcal{N}(L)^{\perp}}$ $X$
$\mathcal{N}(L)^{\perp}$ .
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2. $X,$ $Y$ $\Omega$ Hilbert . $L\in B(X, Y)$ $h$ :
$\Omegaarrow X$
$Lf(p)=(f,$ $h_{p})_{X}$ , $p\in\Omega$ (2.1)
. , $\mathcal{R}(L)$ $k(p, q)=(h_{q},$ $f\iota_{p})_{X}$ Hilbert
.
. $f_{0}\in \mathcal{N}(L)$ , $0=(Lf_{0})(p)=(f_{0},$ $h_{p})_{\mathcal{R}(L)}$ , $P\in\Omega$





$X$ Hilbert , $K$ . $Y$ Hilbert
, $L\in B(X, Y)$ $L^{*}$ . $f\in X$
$L^{*}Lf(p)=(L^{*}Lf,$ $K_{p})_{X}=(f,$ $L^{*}LK_{p})_{X}$
, $L^{*}L$ (2.1) . 2 , $(\mathcal{R}(L^{*}L),$ $(\cdot,$ $\cdot)_{\mathcal{R}(L^{r}L)})$
$k(p, q)=(L^{*}LK_{q}$ , $L^{*}LIC_{p})_{X}$ Hilbert . ,
.
3 (Ando, Saitoh[1]). $X,Y$ Hilbert , $L\in B(X,Y)$ . $F\in Y$
,
$\Vert Lf-F\Vert_{Y}=\tilde{f}\inf_{\in X}\Vert L\tilde{f}-F\Vert_{Y}$ (2.2)
$f\in X$ $L^{*}F\in \mathcal{R}(L^{*}L)$ .
, $f$ $|$ X $X$ .
, $X$ $K$ , $f_{0}$
$f_{0}(p)=(L^{*}F,L^{*}LK_{p})_{\mathcal{R}(L^{r}L)}$ , $p\in\Omega$ .
.
$\alpha>0$ . $f,g\in X$ ,
$(f,g)_{L,\alpha}:=\alpha(f,g)x+(Lf,Lg)_{Y}$
, $X(L, \alpha):=(X,$ $(\cdot,$ $\cdot)_{L_{2}\alpha})$ Hilbert . , .
4 (Ando, Saitoh$[1|)$ .
$\alpha K_{\alpha}(p,q)+(LK_{\alpha}(\cdot,q),$ $LK(\cdot,p))_{Y}=K(p,q)$
$K_{\alpha}(p, q)$ . $K_{\alpha}$ $X(L, \alpha)$ .
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Hilbert Tikhonov $f\in X(L, \alpha)$ ,
$\hat{L}f:=(\sqrt{\alpha}f,Lf)$
$\hat{L}$ : $X(L, \alpha)arrow X\cross Y$ . $\hat{L}^{*}$ $\hat{L}$ ,
$(h,\hat{L}^{*}[(f,g)])_{L_{t}\alpha}=(\hat{L}h, (f,g))_{XxY}=((\sqrt{\alpha}h,Lh), (f,g))_{X\cross Y}$
$=\sqrt{\alpha}(h, f)_{X}+(Lh,g)_{Y}=(h, \sqrt{\alpha}f+L^{*}g)_{X}$ .
$\hat{L}^{*}[(f, g)]=\sqrt{\alpha}f+L^{*}g$ .
$\hat{L}^{*}$ $\hat{L}$ : $X(L, \alpha)arrow XxY$ $L^{*}$ $L$ : $Xarrow Y$
. $f\in X(L, \alpha)$
$(\hat{L}^{*}\hat{L}f,g)_{L,\alpha}=(\hat{L}f,\hat{L}g)_{XxY}=((\sqrt{\alpha}f\rangle Lf),$ $(\sqrt{\alpha}g,Lg))_{XxY}$
$=\alpha(f,g)_{X}+(Lf,Lg)_{Y}=(f,g)_{L_{1}\alpha}$ ,
$L_{\hat{L}f=f}^{*}$ , $X(L, \alpha)=\mathcal{R}(\hat{L}^{*}\hat{L})$ .
, .
$(f,g)_{\mathcal{R}(L\hat{L})}*=(P_{\mathcal{N}(\hat{L}^{*}\hat{L})^{\perp}}f,P_{\mathcal{N}(\hat{L}^{r}L)^{\perp}}g)_{L_{1}\alpha}=(f,g)_{L\alpha})$ .
, $f\in X,$ $F\in Y$
$\inf_{\overline{f}\in\lambda(L,\alpha)}\Vert\hat{L}\overline{f}-(\sqrt{\alpha}f,F)\Vert_{XxY}^{2}=\inf_{\tilde{f}\in\lambda’(L,\alpha)}\{\alpha\Vert f-f\Vert_{X}^{2}+\Vert L\tilde{f}-F\Vert_{Y}^{2}\}$ (2.3)
.
$\hat{L}^{*}[(\sqrt{\alpha}f, F)|=\alpha f+L^{*}F\in X(L, \alpha)=\mathcal{R}(\hat{L}^{*}\hat{L})$
, 3 . ,
$f_{0}(p)=(\hat{L}^{*}[(\sqrt{\alpha}f,F)],\hat{L}^{*}\hat{L}K_{\alpha,p})_{\mathcal{R}(L*L)}=(\hat{L}^{*}[(\sqrt{\alpha}f,F)],K_{\alpha,p})_{\mathcal{R}(L^{r}\hat{L})}$
$=(\hat{L}^{*}[(\sqrt{\alpha}f, F)],$ $K_{\alpha_{1}p})_{L,\alpha}=((\sqrt{\alpha}f, F),\hat{L}K_{\alpha,p})_{XxY}$
$=\alpha(f, K_{\alpha_{t}p})_{X}+(F, LK_{\alpha,p})_{Y}$
. $K_{\alpha,p}(\cdot)=K_{\alpha}(\cdot,p)$ . $f=0$ , (2.3)






$w(t)\in C^{0}(0, \infty)$ . $t\geq 0$ , $f(0)=0$
$\Vert f\Vert_{H_{w}}^{2}:=/0^{\infty}|f’(t)|^{2}w(t)dt<\infty$
$f$ $H_{w}$ . $H_{w}$
$K(s,t)= \int_{0}^{\min(s,t)}w(\xi)^{-1}d\xi$
Hilbert . ,
$\frac{d}{ds}K_{t}(s)=\{\begin{array}{ll}w(s)^{-1}, s\leq t;0, s>t\end{array}$ (3.1)
, $f\in H_{w}$
$(f, K_{t})_{H_{w}}= \int_{0}^{\infty}f’(s)K_{t}’(s)w(s)ds=/o^{t}f’(s)\frac{1}{w(s)}w(s)ds=f(t)$
, . , $u(p)\in C^{0}(0, \infty)$ ,
$L_{u}^{2}:=L^{2}((0,\infty),u(p)dp)=(f;/0^{\infty}|f(p)|^{2}u(p)dp<\infty\}$
. , Laplace $\mathcal{L}$ , $f\in H_{w}$
$Lf(p):=p \mathcal{L}f(p)=p\int_{0}^{\infty}e^{-pt}f(t)dt$
, .
5 (Sawano, F iwara, and Saitoh [21]). $w,$ $u\in C^{0}(0, \infty)$
$I= \int_{0}^{\infty}\int_{0}^{\infty}e^{-2pt}w(t)^{-1}u(p)dtdp<\infty$ (3.2)
, $L$ : $H_{w}arrow L_{u}^{2}$ .
5 , $Lf=g,g\in L_{u}^{2}$ Hadaniard [14]. ,
$\alpha$ Tikhonov
$J_{\alpha}(f)=\alpha||f\Vert_{H_{w}}^{2}+\Vert Lf-g||_{L_{u}^{2}}^{2}$ (3.3)
, $J_{\alpha}$ Tikhonov $f_{\alpha}\in H_{w}$ .
,
$f_{\alpha}(t)=(g,$ $LK_{\alpha,t})_{L_{u}^{2}}= \int_{0}^{\infty}g(p)LK_{\alpha\rangle t}(p)u(p)dp$
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. , $K_{\alpha,t}(\cdot)=K_{\alpha}(\cdot,t)$ 4
$\alpha K_{\alpha}(s, t)+(LK_{\alpha_{1}t},$ $LK_{S})_{L_{u}^{2}}=K(s, t)$
. $L$ $s$ ,
$\alpha LI\zeta_{\alpha}(p, t)+p/o^{\infty}e^{-ps}(LK_{\alpha,t},$ $LK_{S})_{L_{u}^{2}}ds=LK(p, t)$
. $H_{\alpha}$ $:=LK_{\alpha}$ , Fubini







, $L^{*}$ $L$ : $H_{w}arrow L_{u}^{2}$ ,
$LL^{*}g(p)=/ o^{\infty}g(q)\mathcal{L}[\frac{1}{w}](p+q)u(q)dq$, $g\in L_{u}^{2}$
.
, .
6([17, $11|)$ . $\alpha,$ $t>0$ ,
$\alpha H_{\alpha}(p, t)+/o^{\infty}H_{\alpha}(q, t)\mathcal{L}[\frac{1}{w}](p+q)u(q)dq=LK_{t}(p)$ (3.4)
$H_{\alpha}(\cdot,$ $t)\in L_{u}^{2}$ . $Lf=g$ Tikhonov $f_{\alpha}$
$f_{\alpha}(t)=/o^{\infty}g(p)H_{\alpha}(p, t)u(p)dp$ (3.5)
.
7. $F\in \mathcal{L}(H_{w})$ , .
(1)
$\mathcal{L}^{-1}F(t)=1i_{l}n\alphaarrow+0/o^{\infty}pF(p)H_{\alpha}(p,t)u(p)dp$ .




, $\{\mu_{n};\varphi_{n}, g_{n}\}$ $L:H_{W}arrow L_{u}^{2}$ .
, $f^{\dagger}\not\in H_{w}$ , $g^{\uparrow}(p):=p\mathcal{L}f^{\uparrow}(p)\in L_{u}^{2}$ . $g^{\uparrow}$
$f_{\alpha}^{\uparrow_{=L_{\alpha}^{-1}g}\dagger}\in H_{w}$ . , Tikhonov




1 [18, 17] $w(t)=e^{t}/t,$ $u(p)=1$ . , $I=1/2$ ,
$LK_{t}(p)= \frac{1}{(p+1)^{2}}\{1-e^{-t(p+1)}(t(p+1)+1)\}$ ,
$\mathcal{L}[\frac{1}{w}](p)=\frac{1}{(p+1)^{2}}$ .
, $0$ $Pn$ $p_{n}\not\in H_{w}$ .
2 $w(t)=(t+1)^{-2n},$ $u(p)=e^{-p-\frac{\iota}{p}}$ . , $I\approx 0.38(n=1),$ $639(r\iota=$




, $0$ $n$ $Pm$ , $p_{m}\in H_{w}$ .
3 $w(t)=e^{-\sqrt{t}},$ $u(p)=e^{-p-\frac{1}{P}}$ . , $I\approx O.2463$ ,
$LIC_{t}(p)= \frac{1}{p}[1-e^{-tp+\sqrt{t}}+\frac{1}{\sqrt{p}}e^{\frac{1}{4p}}\{$Erf $( \frac{1}{2\sqrt{p}})+$ Erf $( \sqrt{tp}-\frac{1}{2\sqrt{p}})\}]$ ,
$\mathcal{L}[\frac{1}{w}](p)=\frac{1}{p}(1+\frac{1}{\sqrt{p}}e^{\frac{1}{4p}}$ Erfc $(- \frac{1}{2\sqrt{p}})\}$ .
Erf$(x)=/o^{x}e^{-t^{2}}dt$ , Erfc$(x)=/x\infty e^{-t^{2}}dt$ .
, $0$ $Pn$ , $p_{n}\in H_{w}$ .
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5
, $f\in H_{w}$ $f(0)=0$ .
$\rho\in C^{0}[0, \infty)$ $Supp\rho\subset[0,2]$ . $\epsilon>0$
$\rho_{\epsilon}(x):=\frac{1}{\epsilon}\rho(\frac{x}{\epsilon})$ , $x\geq 0$
$f_{\epsilon}(t):=/0^{\infty}\rho_{e}(s)f(s-t)ds$
, $f_{\epsilon}\in C^{0}[0,$ $\infty),$ $f_{\epsilon}(O)=0$ $\mathcal{L}f_{\epsilon}=\mathcal{L}f\cdot \mathcal{L}\rho_{\epsilon}$ . $f$ $t=to$
,
$\lim_{\epsilonarrow+0}f_{\epsilon}(t_{0})=f(t_{0})$ (5.1)
. Laplace $F-\sim:\mathcal{L}f$ , $F_{\epsilon}:=F\cdot \mathcal{L}\rho_{\epsilon}=\mathcal{L}f_{\epsilon}$
, $\mathcal{L}^{-1}F_{\epsilon}=f_{\epsilon}$ . , $\epsilon$
, (5.1) $f$ .





$\rho(t)=\{\begin{array}{ll}t, 0\leq t<1;2-t 1\leq t<2;0 2\leq t\end{array}$
, $\rho$ $\mathcal{L}\rho_{\epsilon}(p)=\frac{1}{\epsilon^{2}p^{2}}(e^{-\epsilon p}-1)^{2}$ .
6










Table 1: Test probleins in [5]
$f_{1}(t)=$ $(t)$ $F_{1}(p)=(p^{2}+1)^{-1/2}$
















(3.5) (5.2) , Tablel
.
, . $F_{6}=\mathcal{L}f_{6}$ , $F_{6}\not\in L^{2}(0, \infty)$
. , [17] , $w(t)=e^{t}/t,$ $u(p)=1$
(3.5) Fig. 1(a) . $\alpha=10^{-100}$ ,
. , $w(t)=(t+1)^{-2},$ $u(p)=$
$\exp(-p-1/p)$ , $F_{6}\in L_{u}^{2}$ . (3.5) Fig. 1(b) .
, , $F_{5}=\mathcal{L}f_{5}$ . ,
(3.5) Fig. 2(a) . , (5.2) $\epsilon=0.1,0.01$
Fig. 2(b) . , $\rho_{\epsilon}$
.
, $F_{12}=\mathcal{L}f12$ . $\alpha\geq 10^{-12}$
(5.2) Fig. 3(a) . , $\alpha=10^{-100}$
$\alpha=10^{-400}$ Fig. 3(b) . , $\alpha$
,
.
Table 1 , $w(t)=(t+1)^{-2},$ $u(p)=\exp(-p-1/p)$ ,
$\alpha=10^{-100}$ , (5.2) .




$\iota)=1(:- 1tX_{f=}(.(X),\iota\iota;(t)=r^{l}/f-$ $rx=1c.- 100,\epsilon=0.0t),u(t)=(t\dashv- 1)^{-1}-$
$- 1t+4\cdot t\sim 2(:+4’.t2t\cdot+4.11c^{\perp}.+4:J(\}\cdot Wl^{t\#^{l_{1^{l:}\prime},|’|||^{1_{1}},|_{1}}}||_{1},!_{1}^{||^{\downarrow_{j}}}||^{1}\}_{i^{1}}^{j}\}_{|_{\dagger^{\mathfrak{l}}}^{\mathfrak{l}}|_{1}}n_{!^{1}!}|_{|^{j}|,}^{\Uparrow 1}\iota_{j}^{1}|’\cdot’$ $\{^{1}||1|||||||$



















$0$ 1 2 ; 4 $t_{1}$
$t$
(b) $w(t)=(t+1)^{-2},u(p)=\exp(-p-1/p)$
Fig 1: Choice of weight functions in real inversion for a linear function $f_{6}(t)$ by (3.5),
whose transform $F_{8}(p)$ does not belong to $L^{2}(0, \infty)$
(a) Numerical results for (3.5) (b) Numerical results for (5.2)




( $a$) $\alpha\geq 10^{-12}$ ( $b$) $\alpha=10^{-100},10^{-400}$
Fig 3: Choice of regularization parameters in real inversion for a discontinuous function
$fi_{2}(t),$ $w(t)=(t+1)^{-2},$ $u(p)=\exp(-p-1/p),$ $\epsilon=0.01$
Fig. 5 , Fig. 6(a) . ,
, . ,
Fig 5(e),(f) ,











. , a priori ,
. ,
a priori , $w(t)=(t+1)^{-2},$ $u(p)=\exp(-p-1/p),$ $\alpha=10^{-100}$
$\alpha=10^{-400},$ $\epsilon=0.01$ (5.2) .
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(a) $f1(t)$ (b) $fa(t)$
($c$ ) $f4(t)$ ($d$) $f7(t)$
($e$) $f8(t)$ ( $f$) $f13(t)$
Fig 4: Numerical results for analytic functions in Table 1, $\alpha=10^{-100},$ $\epsilon=0.01,$ $w(t)=$
$(t+1)^{-2},$ $u(p)=\exp(-p-1/p)$
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(a) $f2(t)$ (b) $f_{9}(t)$
($c$ ) $f11(t)$ (d) $f14(t)$
($e$) $f15(t)$ (f) $f16(t)$
Fig 5: Numerical results for nonanalytic functions in Table 1, $w(t)=(t+1)^{-2},$ $u(p)=$
$\exp(-p-1/p)$
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(a) Numerical results for $f_{9}(t)$ , the original
function is not continuous
(b) Numerical results with slUft for (6.1)
where the image function is not continuous
Fig 6: Numerical real inversion for discontinuous functions, $\epsilon=0.01,$ $w(t)=(t+$
$1)^{-2},$ $u(p)=\exp(-p-1/p)$
1[16] , $c,$ $h$
$F(p)= \frac{1}{p(p+c)}(\frac{1}{2ph}-\frac{e^{-2ph}}{1-e^{-2ph}})$ (6.2)













(a) Numerical results for (6.2) in circuit the-
ory
(c) Numerical results for (6.4) of the longitu-
dinal impact on viscoplastic rods
(e) Numerical results for (6.6) of the Gaussian
distribution
(b) Numerical results for (6.3) in a inviscous
fluid mechaiiics problem
(d) Numerical results for (6.5) of shock waves
in diatomic chains
(f) Numerical results for (6.7) of the waiting
time distribution in the $M/D/1$ queue




. $\mu=5,$ $\lambda=10^{6}$ Fig. 7(e) .
$6[13]$ $M/D/1$ ,
$F(p)= \frac{1-r}{p-r(1-e^{-p})}$ (6.7)
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